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Abstract: A probability correlation between various transitions and the number of microorganisms at different stages of
growth has been analyzed. Comparison of the given parameters with those of the environment (temperature, active acid-
ity, oxidation-reduction potential, etc.) allows defining the influence of each parameter. The obtained results and corre-
lations can be recommended for modeling the growth of microorganisms in different environments, cheese mass being

one of them.
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The ability of microorganisms to grow plays an im-
portant role in dairy production [1, 2]. The microorgan-
isms, owing to enzymes they produce, impact the tex-
ture, smell, and flavor of a dairy product. The probiotic
characteristics of such a product play an important role,
too. To ensure successful reproduction of microorgan-
isms, appropriate growth conditions must be provided.

Reproductive capacity is best assessed by using the
probability theory. In this case, the probability of divi-
sion of one cell living in specific conditions, character-
ized by the presence and concentration of a substrate,
water activity, active acidity, the salt weight fraction,
and a number of other parameters that influence the
cell’s life, is calculated [3, 5, 7].

This can be done on the basis of either special or
previously conducted experiments provided that the
conditions of such experiments were recorded. Both
methods require compiling a rather large database that
helps predict the behavior of bacteria in any given con-
ditions. As complicated as it may seem at first glance,
this task requires a strictly formalized approach to the
description of the properties of both microorganisms
and their environment. The present-day methods of
mathematical modeling make it possible to predict the
behavior of objects and their interaction with the envi-
ronment [6, 10].

As regards the growth of microorganisms, a distinc-
tion should be made between a closed (uncontrolled)
and controlled environment. Partially controlled systems
can also exist. An uncontrolled system is such that is not
exposed to external influences or when such exposure is
negligible. The ideal uncontrolled system is a thermally
insulated and hermetically sealed tub containing a sub-
strate with the original number of microorganisms.
Nominally, cheese mass at the ripening stage can be

considered such a system [11, 13]. The main physical
and chemical processes in cheese are influenced by fer-
ments, i.e., chemical components that make up the
cheese mass. Microorganisms are actively involved in
this process as they take up nutrients, release metabolic
products, and change the environment. Their activity
during cheese ripening can only be affected by changing
the temperature. A decrease in the temperature results in
the reduced reproductive rate; an increase in the temper-
ature accelerates the rate of cell division.

The majority of cheeses ripen within a temperature
range of 8-20°C. During cheese ripening, its moisture
content changes owing to water evaporation off the sur-
face. This content is not large as opposed to the total
cheese mass, but it can be of paramount importance as it
influences the life of microorganisms.

Therefore, cheese can be referred to a group of sys-
tems with partially controlled parameters. In practical
terms, it means that the living conditions of microorgan-
isms inside cheese mass can only be controlled by
changing its ripening and storage temperature.

The manufacture of fermented milk products is con-
trolled more easily. Fermented milk products are nor-
mally manufactured in tanks equipped with a tempera-
ture control system (cooling and heating) and agitators.
This setup makes it possible to stir the mass during pro-
duction and influence the temperature. Moreover, vari-
ous ingredients that influence the living conditions of
microorganisms can be added to the mixture. Such in-
gredients may be salt, sugar, flavoring agents, preserva-
tives, emulsifiers, stabilizers, etc. This system, although
isolated from external influences, can be controlled in a
wider context. However, the volume of this system and,
consequently, its resources are limited, which means
that only a certain number of microorganisms can be
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grown in this volume. Their maximum concentration is
limited not only by the nutrients in the substrate but also
by a variety of other factors.

A so-called flow-through fermenter that ensures
control over the living conditions of microorganisms
(bacteria) is used to produce various biopreparations. In
addition to agitators and temperature control tools, such
machines are also fitted with a waste products discharge
system, a nutrient supply system, and a system that reg-
ulates the gas-phase composition supplied to the sub-
strate. This fermenter must be equipped with special
tools to control the parameters of cultivation of micro-
organisms. The main output controlled parameter can be
either the volumetric number of microorganisms (bio-
mass volume) or the concentration of waste products
produced by microorganisms (ferment). These two indi-
cators do not always correlate with each other. In this
event, it is important to have information on how the
qualitative and quantitative parameters of the substrate
(environment) affect the output parameters (the number
of microorganisms and the concentration of the ferment
of interest). This information is obtained through special
tests by varying environmental parameters and measur-
ing the efficiency of separate and cumulative influence
of the environmental parameters. On the basis of the
obtained regularities, a cultivation control program is
formed to determine the main and supplementary algo-
rithms of cultivation optimization [14, 15].

By analyzing the capabilities of various systems, it is
possible to determine ranges of their controllability and
build a control algorithm focused on the optimization of
the output parameter.

In practical terms, there is a necessity to analyze the
dynamics of bacterial flora growth in a given environ-
ment. With a high microorganism concentration in a
volume unit, the population influence on the chemical
composition of the environment is very significant and
often plays a decisive role. Special chemostats that en-
sure steady cultivation conditions can be used for quite
an accurate study of the influence of environmental pa-
rameters on the growth of microorganisms [12, 13].

When cultivating in a changing environment, it is
more difficult to analyze the effect of individual factors,
which leads to the ambiguous interpretation of the ob-
tained results. A more detailed picture of the growth of
microorganisms in an environment can be obtained using
the living environment reconstruction method (LER).
Analysis of the dynamics of microflora growth in cheeses
is an example of the application of this method.

The growth of microflora in cheese is assessed by
the results analyzed at different production stages. As
cheese transitions from one stage to the next, it is very
difficult to take into account the influence of various
factors on both the cheese and its microflora. In reality,
as each factor is a time-dependent variable, it is a chal-
lenging task to measure a share of influence that each of
them exerts on the microflora growth.

Additional information relating to the influence of
such factors can be obtained on the basis of the dynam-
ics of changes in the microflora population. For this
purpose, time sampling of the microflora growth at giv-
en intervals must be conducted. The sampling interval
must be proportionate to the period of microorganism

generation, for instance, 0.5 h. A differential curve can
then be built, which, in its simplest form, is a difference
in the microflora population at the previous and the next
sampling interval:

D = Qi+1-Qi.
Ideally, each cell of microorganisms is divided in two:
Qi+1 = 2Qj;

i.e., the population of microorganisms doubles at every
interval.

In practical terms, not all microorganisms are capa-
ble of division.

The division capability is determined by a combina-
tion of factors and can be defined as follows:

Qi+l
Ki=—,
2Qi

where Qi+1 is the number of microorganisms in the
next generation; Qi is the number of microorganisms in
the previous generation; and Ki is a coefficient that
characterizes what portion of microorganisms achieves
their capacity to divide.

This coefficient can be interpreted as a cell division
probability at interval i. This helps calculate the proba-
bility of cell division at every division stage. In this
case, it is more accurate to speak not about the cell divi-
sion probability but about a cell division coefficient at a
given stage, which is a cumulative influence coefficient
embracing all factors affecting the microorganisms.

When the general influence regularities of each fac-
tor on the probability of MO cell division are known, it
is possible to determine the share of influence of each
factor at various stages.

When analyzing a population change as an elemen-
tary process of cell division, the approach based on the
assessment of division probability becomes appropriate.
As a matter of fact, the reproduction of microorganisms
is based on the division of individual microorganisms,
and the population growth, on the whole, depends on
what portions of the microorganisms will divide. In oth-
er words, the division process can be thought of as ran-
dom or stochastic. A cell transition from being undivid-
ed into being divided (two cells) is a discrete process.
The probability of division, in this case, is a function of
a whole number of factors, a time factor being one of
many.

In some cases, this factor can be of paramount im-
portance since normally the microflora growth is de-
scribed in “number”—“time” coordinates.

The use of random processes to describe microor-
ganism growth allows moving on to criterial assess-
ments, which are very important when studying regular-
ities based on the multistage influence of many factors.

When using deterministic functions, any indicator
can be calculated with a 100% certainty by changing its
functionally dependent argument; this, however, cannot
be applied to cell division. Even when dealing with
strictly defined parameters of reproduction environment
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and a strictly selected strain of microorganisms, it can-
not be stated with assurance that a cell will divide into
two cells at a strictly determined interval (for instance,
23.4 minutes). This only means that a cell division pro-
cess can occur within 22-25 minutes under specific
cultivation conditions. In other words, there is a high
probability that a cell will divide between the 22nd and
25th minutes of cultivation. In terms of the strict word-
ing, one should speak of the probability of cell division
within a given timeframe. A cell division probability
curve can be asymmetrical due to the different nature of
restrictions which accelerate or decelerate the division
process. Variations in the cultivation conditions change
both the coordinates of the curve maximum point and
the steepness of the ascending and descending slopes.
When the cultivation conditions move outside of an
optimal zone, the probability decreases; as the distance
grows, the probability value becomes more negligible.
The envelope of these curves represents a biokinetic
zone, i.e., a zone where the existence of microorganisms
with a specified probability is possible.

The cell division probability describes an increment
or, rather, an increment rate over time. To complete the
picture, it is necessary to consider the duration of a cell
reproduction age, which can be quite lengthy but not
lead to the increase in cell population. Finally, an im-
portant element in the overall picture of the growth of
microorganisms is the end of their life or the cell death.

Depending on the environmental conditions, micro-
organisms can stay at each ‘stage of life’ for a different
period. On the whole, life cycle duration for a microor-
ganism can be assessed on the basis of the probabilities
for such microorganisms to stay in three main states.

In mathematical terms, it is not quite appropriate to
use the system of differential equations to describe the
reproduction of microorganisms as it can be used only
for continuous functions, whereas the division process
in itself, as it has been previously stated, is discrete, i.e.
discontinuous.

Speaking about the application of mathematical sys-
tems, it is worth noting that the queuing theory along
with the Markov chains is an effective method of ana-
lyzing the reproduction of microorganisms. [17]

Thus, transition from one state to another can be de-
scribed by calculating the probability or intensity of
transitions. The reproduction process can be represented
as a transition from one state to another.

All microorganisms (cells) can be conventionally
divided into three groups representing different states.
The first group includes microorganisms that are capa-
ble of dividing within the timeframe of one generation
(the productive category).

The second group includes microorganisms that are
presently nonproductive but have the potential to divide
at the next stages (the reversible category). This catego-
ry can be further divided into subcategories depending
on their previous history. This category must include
cells in an adaptation state after division, cells exposed
to mutation or antagonistic pressure from other cells, or
cells deprived of sufficient nutrition, etc. These factors
can be specified when modeling biochemical and bio-
physical processes. In any case, it is assumed that cells
that belong to this category maintain the potential for
future division.
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Fig. 1. Pattern of microorganism division.

The third group comprises microorganisms whose
reproductive capability is irreversibly lost (the irreversi-
ble group). This group cannot be identified by microbio-
logical tests such as inoculation of media but can distort
the interpretation of the dynamics of growth of microor-
ganisms when the population is measured by nephelo-
metric or turbidimetric analysis. This subtle detail of
using population data should be taken into consideration
as it plays an important role in building an accurate
model and interpreting test results. Regarding lactate
microflora, it is assumed that cells formed as a result of
mother-cell division are equal. Accumulation of defects
leading to infertility of cells happens with an equal de-
gree of probability for both branches that evolve in the
reproduction process. It does not mean a limitless num-

ber of cell divisions even when reproduction conditions
are favorable. Part of a cell population can be exposed
to mutation as a result of errors accumulated during
successive generations, and, consequently, take on new
properties; the other part loses the capability to repro-
duce owing to irreversible changes in the genetic appa-
ratus.

When building a mathematical model of population
development based on the Markov chains, an overall
schematic diagram can be represented by a marked
graph that includes all states of the system with the
specified transition intensities (Fig. 1). The number of
states depends on the complexity of the process model
under consideration.
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At the initial stage, there is a population containing
D, of microorganisms. Influenced by a combination of
internal and external factors, the population transits into
state V with a number of productive units equal to D,",
thus, distinguishing N (irreversible) and R (reversible)
categories with populations D;" and DR, respectively.
The transition intensity from state K into states V, N,

and R is described by coefficients Ay, (1), A,y U)

and Ay,,(t). The value of these coefficients depends

on the combination of factors that influence the popula-
tion. When there exists a probability of reverse transi-

tions, appropriate coefficientsA,,; can be used to de-

scribe the processes. Each transition may be character-
ized by certain intensities. In this case, based on the
given definitions, part of the reversible category can
replenish the productive category in the next reproduc-
tion period; the remaining part of the reversible category
may transit into the similar category during the future
reproduction process.

In terms of the formal approach, the part of the re-
versible category that transits into the similar category
of the next period can be considered as a part of the
irreversible category as it plays the same role in popula-
tion development as the irreversible group under the
steady process of changing environmental parameters.
However, for building an accurate model and for the
correct interpretation of its behavior during research, the
transition structure should be kept in the state as it is
shown in Fig. 1.

The pattern shown in Fig. 1 can be replaced with a
recursive pattern, i.e., repeating itself at every stage of
reproduction. Then, as was mentioned before, the repro-
duction pattern will have five groups of microorganisms
(five states). In reality, there are three groups involved
in the pattern: productive, reversible nonproductive, and
irreversible nonproductive (dying cells). The fourth and
fifth groups are made of a hypothetical part of microor-
ganisms consisting of microorganisms in a metastable
state and a group that represents a new generation, i.e., a
productive group from the previous generation doubled
in number.

The state graph for such system is shown in Fig. 2.
A group of microorganisms in state S; (the metastable
state) transits into states S, (the reversible group) and Ss
(the irreversible group). Part of microorganisms transits
from state S, into state S; (the productive group). The
intensity of transitions from one state to another is char-

acterized by appropriate coefficients A, .

Fig. 2. State graph of the system of microorganisms.

Based on the assumption that the number of micro-
organisms found in an environment in any state of sys-
tem S; is a random value with an exponential distribu-

tion function and transition intensity at this stage (A;),

the reproduction process corresponding to the flow
graph can be described by a system of equations:

B(1)=(hy — Ay, — A3 + 24, — M) R (D)
P (1) = (A, — AR (7);

R(D) =27;R (1) — A4, R(D);

P, (1) = Ay, Py (1) — 24, P, (7);

B (1) = AP (1),

where P.(1) is probability that a microorganism at time

T isin state S;.

By analyzing the correlation between various transi-
tion probabilities and the number of microorganisms at
different stages of growth and by measuring these pa-
rameters against those of the environment (temperature,
active acidity, oxidation-reduction potential, etc.), it is
possible to determine the degree of influence that each
of them exerts. The obtained results and correlations can
be used in further modeling the growth of microorgan-
isms in different environments, cheese mass being one
of them.

All probabilities can become permanent provided
the cultivation conditions remain invariable.

Trial experiments in modeling the growth of
microorganisms in a closed uncontrolled environment
with a limited supply of nutrients, have proved that a
suitable model created on the basis of the approach
suggested in this article, is quite possible.
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